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LEVEL -VI

(SINGLE ANSWER QUESTIONSD

(x2 +2x+3+sin7zx)n -1

Let (x)=Lim

n—oo

(x2 +2X+34+sin 7zx)n +1’
then

A) f (x) is continuous and differentiable for all
xeR

B) f (x) is continuous but not differentiable for
all xeR

C) f (x) isdiscontinuous at infinite number of
points.

D) f (x) is discontinuous at finite number of

points.
Let
_(sin(x+ h))'n(m) —(sinx)""
f (x)=Lim
h—0 h
ren 1[5

then 5 is
A)equalto 0 B) equal to 1
C) '”% D) non existent

x> + X tan X — xtan 2x _

c x#0

Let g(x): ax +tan x —tan 3x .

0 : x=0

If g'(0) exists and is equal to non zero value

b
b, then 2 isequal to

AL BL ol p2
)13 )26 )52 )52
n.3" 1
_g where

|f le n n+l n

= n(x—2) +n.3" -3
ne N, then the number of interger(s) in the
range ‘x’ is

A)3 B)4 C)5 D) infinite

tanx_ X _
f(x):e e* +In(sec x+tan x)—x
tan X — x

be a continuous function at x=0. The value

of f(0) equals

1 2 3
A) > B) 3 C) > D)2
cos™(1-{x}"Jsin™ (1~ {x S
=] V2(b-{xp)
r , for x=0
2

where {.} denotes fractional part of x, then,
at x=0, f(x),is
a) continuous b) only left continuous

c) only right continuous
d) neither left continuous nor right continuous

If fis a periodic function with period T & [.]
denotes GIF, then,

[f (x+T)f(m)}+[Z2 f (x+2T)f(“2T)}+[32 f (x+3T)f(M)]

o +[an (x+nT)f(”"T)}

f(x) f(x)
G U™y (100)
f(x) f(x)
g2 (1)

If f(x) is continuous function vx ¢ R and
the range of f(x) is (2«/2_6) and

f(x
Q(X) ={%} is continuous VX € R,

then the least positive integral value of ¢
is (where [.] denotes the greatest integer
function)

(A2 (B3 (C)5 (D)6
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9.  Thefunction f (x) defined by

1 n+x,
14. Let x, be defined as (1+ HJ =@, then

3
2
log,,, 5 (X —2x+5), 7 <x<tand x>1 Limx, equals

f(x)=

4 x=1 1 1
A) is continuous at x = 1 Al B) O DO
B) is discontinuous at x = 1 since f (l*) does | 15. Let f(x) becontinuousforall xc R
exceptat x=0and
f'(x)<0V xe(-=»,0);
f'(x)>0V xe(0,). Let

not exist though (1) exists.

C) is discontinuous at x = 1 since f (1) does

not exist though  f (1 ) exists. Lim f (x) =3 Limf (x) _4 f(O):5

D) isdiscontinuous at x = 1 since neither x->0" x->0" '
f(1) nor f (1) exists. Then the image of (0,1) about the line

. yLiﬁrpf(cossx—cos2 x)zxLiﬁrpf(sinzx—sin3 X)
10. f(x):max{ﬁ,|sm7rx|,ne N}has is

maximum points of non-differentiabilityu for A (E —_9} ) [E —_9]
xe(0,4), then 25'25 25’25

A) maximum value of n in more than 4.5 0 (E —_8j ) (ﬁ,ij

B) least value of n is more that 3.5 25'25 25 25

C) maximum value of nis less than 4.5

D) least value of n is less than 3.5 ([ MULTI ANSWER QUESTIONS ])
11. Let n be apositive integer, for n=1,2,3,...., -

nlet S, denotes the area of AAOB, such | 16 Gijven f(X)= Z(xf +x*f)2 - v =+1 and

r=1

km

that ZAOB, :2_, OA=1, OB, =k. The {Iim((f(x)Zn) X’M(l—xz)) for x=41

g X) =| n—o
-1, for x=+1

value of lim— ZS is

then g(x)
2 4 8 A) is discontinuous at x =-1

A) 2 B) 2 ) 7% 272 B) iscontinuousatx=2

C) has a removable discontinuity at x =1
12 The value of Zln (1__j equals D) has an irremovable discontinuity at x =1
n=2 n n

A)-In3 B)0  C)-h2 D)-In5 17. 1f a,b,ce R’ then LLwZ(Haﬂ)(“bn)
13. Let f:R — R beacontinuous into

function satisfying IS equal t0 b(b +1)
f f(-x)=0,v R.If f(-3)=2 I
(x)+ f(-x)=0,V xeR. If f(-3) AT bna(a+1) if a2b
and f(5)=4 in [-5,5], then the equation a(b +1)
f (x)=0 has B)a 5! b(a+1) ifaxb
A) exactly three real roots C) nonexistent if a=b
B) exactly two real roots 1

C) atleast five real roots
D) atleast three real roots

D) equals m ifa =b



JEE ADVANCED - VOL -1l

18.

19.

20.

21.

22,

f(xX) =min {1, cos x, 1-sinx}, - = < X < P,
then

(A) f(x) is not differentiable at 0

(B) f(x) is differentiable at 7/2

(C) f(x) has local maxima at O

(D) f(x) local maximum at x= /2

If f(X) = min (tan x, cot x), then

5T
"4
T
"2

| a

(A) f(x) is discontinuous at x =0,

w

(B) f(x) is continuous at x =0,

NS

n/2

(C) jf(x)dx:ZInx/E

0
(D) f(x) is periodic with period 7
The function f(x) = e ~1-1 is
(A) continuous for all x
(B) differentiable for all x
(C) not continuous atx=0, In2

(D) not differentiable at x — |n 2
Given areal valued function f such that

M for x>0
)
f(x)=11 for x=0 where [x] is
{x}cot{x} for x<0

the integral parrt and {x} is the fractional
part of x, then

A) lim f(x)=1

x—0"

B) lim f (x)=cotl

x—0"

C) cot *(lim f(x))2 -1

x—0"
1 - _E
oy (1 110

If f(x)=sgn(x* —ax+1) has maximum
number of points of discontinuity, then
A) ae(2,x) B) ae(-x,2)

C) ae(—2,2) D) ae [—2,2]

23.

24,

: x*(sgn[x]+{x}), 0<x<2
X)=
If sin x+|x—3], 2<x<4’

where [] and {} represent the greatest
integer and the fractional part function,
respectivley.

A) f(x) is differentiable at x = 1

B) f (x) iscontinuous but non-differentiable
atx=1

C) f(x) is non-differentiable at x = 2

D) f(x) isdiscontinuousat x = 2.

ASSERTION & REASON
QUESTIONS

Which of the following statement(s) is/are
TRUE?

Statement A: If function y = f (x) is
continuous at x =c such that f (c)# 0 then

f(x)f(c)>0Vxe(c—h,c+h) where his
sufficiently small positive quantity.
Statement B:

Limiln{(ljtij(ljtgj ...... (1+5ﬂ=1+2|n2
n—wo N n n n

Statement C: Let f be a continuous and non-
negative function defined on [a, b]. if
b

jf(x)dx:O then f (x)=0V xe[a,b].

a

Statement D: Let f be a continuous function
b
defined on [a, b] such that J f(x)dx=0 then

there exists atleast one ¢ (a,b) for which

f(c)=0.
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ECOMPREHENSION QUESTIONSD

PASSAGE ::1
; X+a x<0
(0= x=1  x=0
X+1 x<0
X)=
9() (x—1)2+b x>0
Where a and b are non — negative real
numbers
25. Thevalue of a, if (gof )(x) is continuous
for all real x, is
(A-1 (B)O ©1 (D)2
26. Thevalueofb, if (gof )(x) is continuous
for all real x, is
(A-1 (B)O ©1 (D)2
27. For these values of aand b, (gof )(x) for
all x e(-11) is
(A) Even (B) odd
(C) neither even nor odd
(D) symmetrical about x — axis
PASSAGE ::2
Two functions f (x)&g(x) are defined

as,

[h(x)]- hlx) ,for xedomein of h
f(x)= 2
0 ,for x ¢ domain of h

sgn h(x), for x € domain of h

00|

0 ,for x ¢ domain of h
Where,
/b—a .
1 ——sin2x
h(x)= . a Na+btan® x
1+ ,[——sin xj
\ a

forp>a>0 &[.] denotes G.LF & {.}

denotes fractional part of x. Now answer

the following.
28.  For h(x) which one of the following is
true.
A ; T
a) h(x) iscontinuousat x =0 and X= £y
b) h(x) iscontinuousat x =0 but
) ; T
discontinuous at X = B
c) h(x) isdiscontinuousat x =0 but
) T
continuous at X = B
d) h(x) isdiscontinuousat x =0 & X= >
29. For f (x), which of the following is true
. . T
a) f (x) iscontinuousat x =0 and X = £y
b) f (x) iscontinuousat x =0but
) ; T
discontinuous at X = B
c) f (x) isdiscontinuousat x =0 but
) T
continuous at X = B
d) f (x) isdiscontinuousat x=0 & X= £y
30. g(n/4)+g(27/3)+g(0)+g(x/2)=
a)0 b) 1
c)-1 d) 2
PASSAGE ::3

X+2, 0<x<?2
6-X, X>2

Let f(X):{

1+tan x, 0§x<%

9(x)

3—cot X, %S4<7r
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31. f(g(x))is
A) discontinuous at X =%
. . T
B) differentiableat X = 7
C) continuous but non-differentiable at X = %
D) differentiable at X = % but derivative is not
continuous.
32.  The number of points on non-
differentiability of h(x)=|f (g (x))| is
Al B)2 C) 3 D) 4
33. Therangeof h(x)=f(g(x)) is
A) (~2,%) B) (4,2)
C) (—,4) D)[-4,5]
PASSAGE ::4
Let f(x)=2+|x-1] and
g(x)=min( f(t)) where x <t <x?+x+1
then answer the following:
34.  Number of points of discontinuity of g (x)
IS
Al B) 2 C)3 D)0
35.  Number of points where the function g(x)
is not differentiable is
Al B) 2 C3 D)0
36. Range of g(x) is
A) [2,) B)[2,2) C)[0,2] D) (-o,»)
PASSAGES ::5

Let Abe a nxn matrix given by

a, 4, a3 .. &,
A — aZl a22 a23 a2n
such that

a a a a

nl n3 nn

each horizontal row is an arithmetic
progression and each vertical columnis a
geometrical progression. Itis known that
each column in geometric progression

n2

37.

38.

have the same common ratio. Given that

1

and a

324:1,614225 43:E.

n
.S .
Let Sn =Za4j , then len—’z‘ is equal to
=1 n—o

1
A)Z B) <

)16

Let d, be the common difference of the

n
elements in i row, then Zdi
i=1

N Y
)n ) 2 2n+1
c l—i 5 n+1
)+ on )
39. The value of %ifgzan is equal to
i=1
N B) =
) 2 )5
C) 1 D)2
PASSAGE: 6
If f(x)=x*-2|x|
g(X) =minimum { f (t):-2<t<x, —2<x<0}
minimum{ f (t):0<t<x 0<x<3
then
40. Thefunction y =|f (x)| is differentiable
for
A) xeR B) xeR—{0}
C) xeR-{0,2} D) (-2,2)
41. Thefunction g(x) isdifferentiable for
A) xe[-2,3]
B) xe[-2,3]-{-10,1}
C) xe[-2,3]-{0,1}
D) x e[-2,3]-{-10,2}
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jfog X)dX js
A0

PASSAGE: 7
Suppose f, g and h be three real valued
function defined on R.

33
B)S ©21 D)7/3

Let f(x)= X)=%(ZX—|XI) and

h(x)=f(g(x))

The range of the function

(x) =1+ (cos™* (n(x) +cot™ (n(x))) i

equalto

17 5 11 15 7 11
Nhﬂmhﬂ@hﬂmhﬂ
The domain of definition of the function
1(x)=sin"( f(x)-g(x)) isequal to

o[t

B) (—oo,l]
C) [—1, 1]

=3]
D) r
The function

T(x)=f(g(f(x))+9(f(g(x) is

A) continuous and diferentiable in (—o0, )

B) continuous but not derivable vx ¢ R

C) neither continuous nor derivable vx € R
D) an odd function
PASSAGES:: 8

Consider the function f :R - R, defined

2x+[x[, 9(

43.

44,

45.

x* —x+3, xe(-»,3)nQ
Xe(—oo,Z)—Q
€(2,3)-Q

9tan (ﬂ—xj X €[3,6)
12

X+a,
2% +1

as f(x)=

46. If f(x) iscontinuous at x = 2 then the

vlaue of a is
Al B) 2
D) indeterminate

C) 3

47.  Thefunction f(x) atx=3

A) has non-removable discontinuity
B) has removable discontinuity

C) is differentiable

D) is continuous but not differentiable

48. f'(4)isequalto

3z 3z
A B) 37 C)7 D)E

(MATRlx MATCHING QUESTIONSD

49.

Match the following :
Column | (Functions)

A) f(x)=|x|
B) f(x)

LOR
xe  x#0

D)f(X)={ 0 x—0

Column 11 (Properties)
P) Continuousat x =0
Q) Discontinuousat x =0
R) Differentiableat x = 0

S) Non- differentiable at x =0
Columnl

x"|x|,neN

xIn|sinx|,x =0
0 ,X=0

50.

1

for |x|>1
X

A F) is

ax’+b for|x|<1
differentiable every where and |k| =a+b, then
value ofk is
B) If f(x)=sgn (x2 —ax +1) has exactly one
point of discontinuity, then the value ofa can

be
C) f(x)=[2+3|n[sinx],neN,xe(0,7)
has exactly 11 points of discontinuity, then the
value of

nis
D) f(x)=|x|-2+a| hasexactly three points
of non dlfferentlablllty thenthe value ofais
Column 11
P)2; Q-2; R)1; 9S)-1
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51.

52.

Let f(x) beareal valued function
defined by f (x)=x*-2|x| and

minimum{ f (t): -2<t<x}, xe[-2,0)
N9= meximum{ f (t):0<t<x}, xe[0,3]

Column |

A) g(x) isnot continuous at x equal to
B) g(x) is not derivable at x equal to

C) Number of integral critical points of g (x)
is equal to

D) Absolute maximum valueof g (x) isequal

to

Column 11

P) -2

Q)0

R)1

S)2

T3

Match the following :

Column 1

A)
Rl il U

Va((x—{)

F(k =

Asin™(1—{x}) cos ™ (1—{x}) x<0
V204 (2-{x)

is continuous at x = 0 then the value of

. Ar
sink +cos’| —= | j
()
B) f (x)=[2+5|n|sinx |neZ hasexactly
19 points of non

differentiability in x (0, 7 ) then possible
values of nare

Ux -1/x

(3814)"~(314)
(3/4)™ ~(3/4)
0 x=0

Xx=0

-1/x

C)If f(x)=

if P=1'(07)— '(0) then

[x+1]
I_im(exp(x+2) In4) + -16 s <
x—>P~ 4*-16

Column 1
P) 2

Q) -2
R)3

S)-3

INTEGER QUESTIONS D

53.

54.

55.

56.

1-cos (l—COSXj
I Jim

x—0 2mxn

is equal to the left

hand derivative of ¢ ¥ at x = 0, then find

the value of (n* +m).

: {sgn(xz)x[logex],1<x<3
It T{X)= { 2}

X ’
where [e] denotes the greatest integer

function and {e} represents the fractional

part function, then the number of points of
discontinuity is.................

x—1

x* —ax+a-1
(x-1)°
value of f (4) is...........
If fand g are two differentiable functions
with g'(a)=2, g(a)=h, such that fog =

}: f(a). Then the

identity function, then 2f'(b) is equal to
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57.

58.

59.

Lim(

60.

o

61.

62.

63.

64.

If f(x),g9(x) be twice differentiable
function on [0,2] satisfying
f"(x)=9"(x).f'(1)=2,9'(1)=4
f(2)=3,9(2)=9, then—f(x) + g(x) at x =2

equals..............
Let S denote sum of the series

3 4 5 6

and

— + + s 00
28 23 2°3 2'5 - Then
the vlaue of gt is
The vlaue of
1 1 1 1
+ + + e 1S
2n+1 2n+3 2n+5 4n-1

a
Eln C where a,b,c e N . Then the least

valueof g +b+cis

3

1 2 2n
Let |, :[|x|[l+x+X?+X?+....+ X j dx_

2n

: : P
If LIm I, can be expressed as rational q

in the lowest form, then the value of pq is
The value of

1 4
{Iim(2x32x2?’x34 ..... 2“1x3“)(n2+1)} is

n—o

The integral value of n for which

Iim{[oos2 X—C0sX—€" s X-+&* —{X°/ 2)]/ x”}

*x—0
is finite and non-zero is

I__"msinx“—x“cosx“+x2°
If ~ x>0 x4(ezx4—l—2x4) , then the

value of 1/L is

0 X } exists, where

m,n e N, then the sum of all possible
values of n is

65.

66.

67.

68.

69.

70.

1
If lim (e2X ref s x)X —¢?, then the value

X—0

of a is
If aand p are the numbers of points of

non differentiability of f (x)=[sinx]

and f(x)= [ﬁ} x>0, (Where[]

represents greatest integer function)
respectively, then the value of g +p is

The least integral value of a for which
the funciton

f (x):[(x—Z)S/a}sin(x—2)+acos(x—2),

where [.] denotes teh greatest integer
function, is continuous in [0,2] is
If a isthe number of points of continuity

X-1, xisrational
of ()4

x2—x—2, xisirrational’ P
is the number of points of discontinuity of

f (x)=sgn (x3 —3x+1) , ¢ is the number
of points of non-differentiability of

f (x)=(log x)‘x2 —4x+3‘+2(x—2)% :
and d isthe number of points where the
graph of

f (x)=(log x)‘x2 —4x+3‘+2(x—2)% has
asharp turn then the value of

a+tb+c+d is____
The number of points of discontinuity of

f(x)= Iim[(x2n —1) /(%" +l)} is

n—oo

Given the continuous function

2x+3 x<1
f(x)= then numner of

—X2+6 x>1

points where ‘ f (|x|)‘ is non-differentiable
is
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KEY-LEVEL-VI

SINGLE ANSWER QUESTIONS

1A 2.A 3.C 4.C

5.C 6.C 7.D 8.D

9.D 10.B 11.A 12.C
13.D 14.B 15.D

MULTIANSWER QUESTIONS

16.A,B,.D 17.B,D
18.A,C 19.C,D
20.A,D 21.A,B,C,D
22. A/B 23. A,C,D
24.A,C,D

COMPREHENSION QUESTIONS

25.C 26.B 27.A
28.B 29.D 30. A
31.C 32.B 33.C
34.C 35.C 36.A
37.D 38.C 39.D
40.B 41.C 42. A
43.B 44. D 45.B
46-C, 47-D 48.B

MATRIXMATCHING QUESTIONS

49.(A-p;s) (B-p,r) (C-ps) (D-qs)
50.A-R, S; B-P,Q; C-P, Q; D-P,R
51.A-Q,B-Q,S,C-T,D-T
52.A-P,B-P,Q,C-Q,R

INTEGER QUESTIONS

53.9 54. 4 55.6 56.1
57.6 58.2 59.5 60. 6
61.6 62. 4 63.6 64. 3
65. 2 66. 5 67.9 68. 8

HINTS-LEVEL - VI

([SI NGLE ANSWER QUESTIONSD

69. 2 70.5 J

X2 +2x+3+sin;rx:(x+1)2 +2+sinzx>1
- f(x)=1V xeR
If g(x)=(sin x)InX

f(X)=g'(x)=(sinx)" {COtx(ln Q)+ In(s)i(n X)}

Hence f (%j = 9'(%} =1(0+0)=0 (Ans.)

R HXENX—XEN2X . X+Enx—tn2x
g(0)=b=lim =lim
0 X(ax-+HaNX—n3K)  *-9 ax-+anx—tan3x

) 35 35
=lim

Ha<+[xﬁ£>?+....m}—[3<ﬁ4ﬁ22®?+ ...... o%
35 3 5

T O
Onsimplifyinga =2, b= %6

n.3" 1

Lim ==.
We have N—o0 n(X_Z)n +n.3n+1_3n 3,

Lim 1 =1
3

so (X_Zj L3 1
3 n

X—2
Clearly —l<T<1:> ~1<x<5

. Possible integers in the range “x’ are
0,1,2,3,4 = 5integers.
For continuity of fat x =0, we have
X In( sEcx+Hanx) —x
(0]l () i 5 i O+
x—$ A tNX—X *P tanx—x
K

In(sec x—tan x)—x
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—1+31im X1
x>0 3X
(Using LH Rule)
:1+£:§
2 2
oos (11’
(oS ) =
w0 o (1-h)(1h) e h 2
cos“h(2-h).sin™h
Lt f(x)= Lt = .
x—0" ( ) h—0 \/E(l—h)(Z—h) a2
Use sandwhich Theorem.
- 2<f(x)< J26
2 f(x) 26
Sl L —
cC c
f(x
since, 9(X)= {%} is continuous vx < R

=g(x)=0forc=6

We have lim f (x)=1lim f (1-h)

log( 4+ h?
nmf(y4mfa+m_Mme:—)
X' h-0 log(1+4h)

So, f (1’) and f (1*) do not exist.
10. f(x)=max {%,|sin nx|}

Yy

o 1 2 3354 3

11.

12.

Thus, for the maximum points of non
X
differentiability, graphs of y = 7 and

= |sin 7rx| must intersect at maximum
number of points which occurswhen n > 3.5.
Hence, the least value of nis 4.

OB, =k

L:LZZsink—”: 1 Z n— = xsm—dx
nig o g 2n 29 2

2 X
— XCOS—
T

N |-

12t X

—jcos—dx
07Ty 2
Zero

2 2 . mx|t 2
0

1 0+—.—sin—
2 T n

> 1
We have 2. In (l_Fj

n=2

£
el
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13.

14.

-5 n(2) (")
3 ("2 1)

=Inl— Lt (Llenl—ln 1=-In2
2 ol n+l 2
f(x)+ f(-x)=0= f(x) isanodd

function. Since points (-3,2) and (5,4) lie
onthe curve
. (3,-2) and (-5,-4) will also lie on the

curve.
For minimum number of roots, graph of

continuous function f (x) isas follows.

(5, 4)

from the above two graphs of f (x) itis clear

that equation f (x) =0 has atleast three real
roots.

- 1 n+x,
Given (l+—J =e
n
taking log

(n+xn)ln(1+%j:1:>n+xn =

15.

16.

|tn—+l—u nu=n+l1 = n= L
€ n = u-1
] Inu
X, = Lim i—i IlmL
w1 (Inu u=1) u-t ( 1) Inu
1 1
= Li 1_E Li u !
uI—TU 1 _uI—T 1 1__
= ~+lInu S+
u u: u

cos® x—cos’x >0 fromLHS
sinx—sin®x—0 fromRHS
. the given line reducesto 4y = 3x

QUESTIONS

MULTI ANSWER TYPE }

n

X2 +—+2j szr +Z—+2n

r

1_X2n
f(x) :(1—2)(% +%)+2n X #+1
—X X

(102 =o)L
now consider
g(x)= rI]|_r>1;10(( f(x)—2n)x ™ (1- xz)) for

X#=11



LIMITS, CONTINUITY & DIFFERENTIABILITY

= Iim(l— xz")(x2 + x%” j# X #+1

n—oo

(1—x2")(x2”+2 +1)

()6

. 1 1
- ,l'_tg(_l-"FJ(l-" 2 J

-1 if |x|>1
—oo if x| <1
0 if x==+1

=lim

n—oo

ow 0=

now clearly g has non removable infinite type
of discontinuityat x=1and -1
g is continuous at x = 2

S n
lim

A 2 (a + kj (b + kj
n n

=Iim£z ” 1 ”
B )

17.

n

1 t(ax)—(b+x)
_a—b;[ (a+x)(b+x)

1
_ 1 I( 11 jdx
a-by\b+x a+x

:a—:)[ln(b+x)—ln(a+x)1 :a_ib{ln (b+X)[

(a+x)

_1 l
_;[(a+x)(b+x)dx

18.

19.

20.

1 1 1

Ta a+l a(a+1)

We have, f(x)=min{1 cosx,1-sinx}

. f(x) canbe rewritten as

cosx, —L<x<0
2
f(x)=

1—sinx,0<xsg

COS X,

T
—<X<T
2

. T
—sin X, —ESXSO

=f'(x)= —cosx,0<xsg

. T
—S”1X,E~<Xf£n

- f(0)=0
hence, f(x) has local maxima at 0 and f(x) is
not differentiable at x = 0.

- . T 3n
: f(X) is discontinuous at PR 27, ...

and f(x) isperiodic with period &
nl/2

n/4 n/2

If(x)dx: I f(x)dx+jf(x)dx
0 0 /4

/4 /2
= j tan xdx + j cot xdx

0 /4

=[Insec x]g/4 +[Insin x]:;f1

:[Inﬁ—O}{O—In(%ﬂ
=2In2

e x<0
f(x)=<2-€" 0<x<In2
-2 x>1In2
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21.

22,

23.

fiscontinuous x e R, but is not differentiable
at x=0,In2

) _ tan®{x}
We have kILT F(x)= kILT (Xz _[X]z)

. tan®x
= lim =1
m=——=1 .. (1)

[ x—>0*;[x]:0:{x}:x]
Also lim f (x)= lim \/{x} cot{x} =/cot1

x—0"

[ x—07;[x] =—1={x} = x+1={x] —>1]

2

Also, cotl(xlirp f(x)) =cot™(cotl)=1
For maximum points of discontinuity of
f(x)=sgn(x* —ax+1), x> _ax+1=0
must have two distinct roots, for which
D=a’-4>0

= ae(-0,-2)u(2,).

For continuity at x =1

lim £ (x) = lim (x*sgn[x]+{x}) =1+0=1

x—1* x—1*

lim f (x) = Iim(x2 sgn[X] +{x}) =1sgn(0)+1=1

X1 x=1"
Also, f(1)=1
~LHL=RHL=f(1).

Hence f (x) is continuous at x =1.
Now for differentiability,

f(1+h)- T (1)

f/(17) =lim

h—0

iim (1+ h)2 sgn[1+h]+{1+h}-1

h—0 h

L (1+h)2+h—1
_L|Lrg—

24,

. h*+3h
=lim

h—0 h

and f'(17)=lim fa=h)-7()

h—0 —

i h)*sgn[1-h]+{1-h} -1

h—0 _h

2
i (=h) +1-h-1

h—0 _h

Hence, f (x) is differentiable at x =1.
Now at X =2,

lim f (x)= Iim(x2 sgn[x]+{x}) =4x0+1

X—2~ x—>2"

r!LT f(x)= r!LT (sin x+|x—3|):1+sin2

Hence | HL » RHL
Hence, f(x) isdiscontinuous at x=2and

then f (x) isalso non differentiable at x = 2.
(A): The expression

f(x)f(c) v xe(c—h,c+h) where

h—» 0" isequivalent to Lim f (x) f(c)
which equalsto (  (c))” because f (x) is
continuous.

- f(x)f(c)>0V xe(c—h, c+h) where

h—0"-
(B): We have

O SRS



LIMITS, CONTINUITY & DIFFERENTIABILITY

= L|m—InH(l+ k}

n—w N k=1 n

=Lim= Zln(l-i- j jlnxdx [ X(Inx- 1]

n—>xo N

=-1+2In2~-04

b
(C): Given f(X)ZOSIf(X)dXZO
Butglvenj x)dx =0 50 this can be true
onlywhe f (x)=0

(D): .[ X)dx=0=>y =T (X) cuts X axis

at Ieast once

E COMPREHENSION QUESTIONS D

PASSAGE ::1 25-27

*+(gof )(x) iscontinuous g(x) and f (x)
are also continuous

Lt f(x)=f(0)

x—0

Lt (0-h)+a=1

h—0

—a=1
Lt g(x)=g(0)

x—0"

Lt 0—h+1=(0-1)"+b
h—0

=1=1+b
=b=0
f(x)+1 f(x)<0
(gof)(X)Zg(f(X)): (f(x)_l)z,f(x)zo
X+2, x<-1
=ix?, -1<x<1
(x-2)",x>1

. (gof )(x)isevenforall x e(-11)

PASSAGE ::2 Q.No. 28 to 30
Conceptual

PASSAGE ::3 Q.No. 31to 33

For 0SX<%, g(x)=1+tanx
x{O,%}:lHanXE[l,Z)

so f(g(x))=f(1+tanx)=1+tanx+2
and for XG[%JFJ,Q(X)=3—COtX

Xe[%,nj:3—COtXe[2,oo)

so f(g(x))= f(3—cotx)=6-(3-cotx)
Let

3+tan x, 0§x<%

T
3+cotx, Z§x<7r

Clearly, f (g(x)) iscontinuousin [0, 7)

Now h’[%} = lim (—cos eczx) =-2

o
h'(%j _ Jirg(secz x)=2
s

So f(g(x)) isdifferentiable everywhere in

[0,7) otherthanat X =%.

[3+tan x|, 0<x<X
4

[t (a(x)=

[3+cot x|, %SX<7{

Which is non differentiable at X = % and

where 3+ cot x =0 or x=cot™ (-3)

For XE[O,%J,3+tanXE[3,4)

For XE[%,HJ,3+CO'[X€(—OO,4]

Hence, the range is (—,4].
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PASSAGE ::4 Q.No. 34 to 36

f(t):{S—t,tél

t+1,t>1
3—(x2 +x+1) x € [-1,0)

g(x)=<2 X € (—o0,~1) U (0,1]
X+1 X €[1,)
P T
| |
T— 5

From graph we can easily give the answer

PASSAGES ::5 Q.No. 37 to 39

1
a,;=28,+d,=d, = 6 (common difference
of 4" row)

a41 a42 d4 %
a—ia—ia—ia—i
41 16 y 42 16 y 43 161 44 16 ’
....... a,, L
' 16
now all elements of 4" row are known
K- _n(n+1)
. ,Z:l:a‘” 2(16)
Lim> = (Ans: D)
n>e n? 32 '
a24r2 =8, =—= r’ =1:> r =£ (common
16 4 2

1
ratio for all G.P. is E)
note that all the lements of 4" row are known

1,
and common ratio — is also known therefore

2
(mxn) matrix is
12 3 4 n
2 2 2 2 7 2
1 2 3 4 n
1 2 3 4 n
constructed. 1 2 3 4 n
P T T
1 2 3 4 n
L2" 2" 2" 0 o0

. 1
Working: a,; =?, a, =¥
i
lly 2 =
a, 8y = all'r3
8y | . = i =a l
in G.P. 16 *'s
now a,; .
Ay = & :E
) 2
again a42 :?
a, Ay, = aiz-rs
a = 3 — l
Zlin G.P. 16 22g
CES
1
a,, = &, =?

. 1 2 3 4 n
Yay=S=SHo ottt
i1 2 22 22 2 2"
1g_t, 2,3, nt.n
2 22 23 24 """ 2n 2n+1
1 1 1 1 1 n
=S=| ottt — ==
2 2 2° 2 2" ) 2™

I . 2 n
Lim ) a; =L|m[2——n——nJ
,Zl: 2" 2

n—o = n—oo

n—oo <

=2-0-0=Lim> a, =2
i=1

PASSAGE: 6 gq.no.40to0 42

f(x) if —2<x<-1

-1 if -1<x<0
g(x): 0 if —-<x<1

f(x) if 1<x<3

Graphof y = f (x) is
Graphof y =g(x) is



LIMITS, CONTINUITY & DIFFERENTIABILITY

PASSAGE: 7 q.no.43t0 45

() {3x, x>0 Note : Range of function | (X) = [0%}
X)=
We have x, x<0 (iii) As fand g are ianverse of each other,
X x>0
g(x)=13" " TOX—f(g(f ))+9(f(9(x))
X, x<0
Clearly fand g are inverse of each other +9(X = 2><+|><|) (ZX |X|)
X
3(—} =X, Xx20 10X
Now, h(x)=f(g(x))=1\3 T’ >
X x<0 2x, x<0
(i) Ash(x)=xvxeR
L Clearly, T x is continuous but non-deriable
k(x)=1+—(cos™ t tx =
— k(x) +ﬂ(cos X+ cot'x) atx =0
Domain of k(x)=[-1,1] and k(x) is PASSAGES:: 8 Q.NO. 46 to 48
decreasing functionon [—1,1] X’ —x+3,if xeQ in (—0,3)
As k (x) is continuous function on [-1,1] x+a, if xgQin(-o0,2)
Now, . f(X)=12 41, if xeQin(2.3)
Koin (X=1) =1+ =(cos*1+cot™1
( ) ﬂ( ) 9tan(ﬂ—xj,ifx23

—l+ 0+Z|= 1=§
T 4 4 4

Knax (X =—1) =1+ %(cos1 (-1)+cot™ (—1))
1

=1+ l(n+3—”j_l+1:—l
b4 4 4

4

511
— Rangeofk(x){z }
(i) We have

f(2)=2°+1=5
through irrational

For domain of ducntion, f (2*) —2+a
0< 8x <1l 0<x< 3 N through rational
3 8 f(2)=4-2+3=5
Domain of | (X) = (—00, g} Hence for continuity at x = 2
2+a=5=a=3
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for x >3
f(x)=9tan 2
(x) an P

= f (3*):9; f(3’)=23+1=9
— fiscontinuis at x = 3 obvious not derivable

f'(x)=9sec? (”—Xjﬁ
12 )12

f'(4)=9sec? (ZJE =3r
3 )12

QUESTIONS

EMATRIX MATCHINGB

—X,Xx<0
9. (A) f(X)={ < x>0
continuous butnot differentiableat x =0
(B) f(x)=x"|x|
= LHD=RHD=0at x=0
(C) LHL=RHL =f(0)=0 but LHD and
RHD are not finite

1/x

(D) LHL =0,RHL = Lt —
x=01/ X

1/x 2
L)
x—0 (_l/ X2) x—0

50. A) Thegiven function is clearly continuous at all
points except possibly at x = +1.

As f (x) isan even function, so we need to
check its continuity only at x =1.

= lim (ax” +b) = lim == a=1=b=1
x—1" x—1* X|

Clearly, f (x) is differentiable for all x,

except possiblyat x =+1. As f (x) isan
even function, so we need to check its
differentiability at x=1 onlyu.
f(x)—f(1 f - f(1

(-1 . F(X-1@)

X1 Xx-1 x—1" Xx—1

B)

C)

D)

51.

1
- a+b-1 . ax’+b-1 . |X|
=lim =lim —lim
-1 x-1 -1 x-1 x> X—=1
2— —
S lim® =8 im s as1mas o
x—1 X—l -1 X 2}
2

1
Putting a = ) in (1) we get
3
b=E:|k|=1: k=+1

f (x)=sgn(x* —ax-+1) isdiscontinuous then
x% — ax +1= 0 must have only one real root.
Hence g =+2.

f (x)=[2+3|n[sinx],ne N hasexactly 10
points of discontinuity in x € (0, 7).

The required numnber of points are
1+2(3|n[-1)

=6|n-1=11=n=12
If f(x)= H|x| -2+ a‘ has exactly three points
of non differentiability.

f (x) is non-differentiable at x=0, |x|-2=0

or x=0,%2.
Hence, the value of a must be positive, as

negative value of aallows x| - 2|+a=0 to

have real roots, which gives to more points of
non differentiability.

g(x) can be defined as
f(x),-2<x<-1
g(x)3-1 ,-1<x<0
f(x),2<x<3
X2 +2x, —2<x<-1
or g(x)q-1, -1<x<0
x> —2X, 2<X<3
Clearly g(x) is discontinuousat x=0

g(x) is not differentiable at x =0, 2
Ab solute maximum value of

g(x)="f(3)=3.
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52. (A):RHL

2o o i
%Ln?(z ﬁ(h'l)

cos™ (l—hz)sin*1 (1-h)

Lim >
S0 V2h(i-(h)

Lim sin™v2h* —h?sin™*(1-h)
= (- (n))

Lim sin™v2h* —h?sin™*(1-h)
= (- (n))

—k==

LHL.
Lim Asin’1 (1-(1-h))cos ™ (1-(1-h))

-0 J2(1-h)h
. sin""hcos™h n

Lim A =A

o Jo(1-h)h 242

T T
A——===A=2
= 2 2

. sin®k + cos® (%} =1+1=2

(B): [ 2+5]n|sinx | =2+ 5|n|sinx

y =5|n|sin
No. of points of non diff.
=2(5n|-1)+1
=10|n|-1
10|n|-1=19
10|n|-1=20
In|=2
n=+2

53.

©):

LHD = Lim(-h)-—————=1

. t(07)-f(07)=2=P

[x+1]

Now Lim

(exp(x+2)In4) + -16 1

X2 4*-16 2

ﬂ INTEGER QUESTIONSD

f(x):{e ,-|f xz0
e’, if x>0

_h)— -h_
f’(0)=lhirr01f(0 h) f(O)_hme

ence x-0 %\ 2" X"
1—0055

S l-coso 1
Using XI—I;QT:E

(1— COs Xj
2

lim———<=2

x>0 2M "
4sin* X

lim 4_»

x>0 2™ x"
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54.

4x*

lim————=2

x—0 4 2m.Xn

-, forlimitto existn=4
2

P

28+m — 2

" m=-7T=n=4and m=-7
Hence n’+m=4%+(-7)=16-7=9.

i) Continuity should be checked at the end-
points of intervals of each definition, i.e., x =1,
3,35,..

ii) For {x*}, continuity should be chedk when

X2 =10,11,12 or x10,v11,412, {X*} is

discontinuous for those values of x, where 2
isan integer.

[Note: Here x2 is monotonic for the tgiven
domain.]

iif) For sgn (x —2), continuity should be
checkedwhen x —2=0 or x=2

iv) For [log, x], continuity should be checked
when log, x =1 or x=e(e[1,3]).

Hence, the overall continuity must be checked
at x=1,2,e,3,10,v11,+12,35.

Further, f(1)=0 and

lim f (x)= !Lrpsgn(x—z)x[loge x]=0,

X1
Hence f (x) is continuousat x =1,

lim f (x) :XILrpsgn(x—Z) x{log, x| =(-1)x0=0

X—2"

lim f(x)=Xliﬁrpsgn(x—2)><[loge x]=(1)x0=0

x—2"
Hence, f (X) iscontinuousat x =2,

lim f (x) = limsgn(x—2)x[log, x]=1

X—3" X—3"

= lim f (x)=lim {x*} =0

x—3" x—3"

55.

58.

Hence, f (X) isdiscontinuous atx =3.

Also {Xz} is discontinuous at

x =+/10,~+/11,+/12 ,
Therefore,

x—35~

lim f(x)=lim {x*}=0.25=

X—3.5~

Hence, f (x) isdiscontinuous at

x =3,4/10,/11,4/12.

Putting x =1+ h, we get

f(35).

1+h) —a(l+h)+a-1

Therefore f (4)=6.
56 & 57. Conceptual

Let

r=1

A

r r+1

1

r+2 _i 2(r+1)-r
27 (r+1) &2 (r+1)

1

r=1

B 1
n 2" (n+1)

1 1

e

w2
ot

23 24

2r 27 (r+1)

J

|
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59. Letgivenlimit=L, then 61.  Itisobvious n iseven, then
1 1 1 1 1
|_ |_ ! I N } _ H 1+3+5+....+n/2terms 2+4+6+...+n/2terms n? 4
H»(znﬂ M2 n+3 4nj lim (2 x3 )i
) 1 1 1 1 1
Lim + + +o b — n®  n(n+2) (n?+1)
e\ 2N+2 2n+4  2n+6 4n —liml 24 x3 4
_ n—oo
=Lim —Z 1 n }
N> 12n+r nE2n+2r o2 n(n+2)
_ _lim?2 (n +1) 34(n2+1)
13 n 1 n i
=Lim| =) —-=
el N 24+ N 2 2(rj (1+fj
n lim lim
n—ow n—ow 1
- 4 1+—j 4(1+—2j
2 1 1 1 =2 " x3 n
k[t
0 2+ X 5 242X 1 1
. = 2434 = (6)4
2 1
:[In(2+x)]0—5[ln(l+ x)]0 -
1 3 COS® X —COS X —e* cos X +e* — =
=In4—ln2——ln2=(2——Jln2 62. lim - 2
2 2 x—0 X
B 1 _a 3
="eEpne (cosx—1)(cosx—e*) -~
- Leastsuma+b+c=1+2+2=5. :lx'fol o
60. We have
1 2 4 6 2n 2 4 6
In:ZJx 1 X X X X ax 1—X—+X——X— ...... -1
) 2 4 6 2n _ 21 41 6l
=lim -
1 Xx—0 X
U(odd)dx:oj
) 2 4 2 3 3
_ ) Kl_xl+xl_ ..... JH{arwes e H
NN K 2n+2 _ 21 41 21 3l 2
=2 —F—F— n
1224 48 2n(2n+2) | X
I 1] [ S MZ ﬂ
12 24 46 2n(2n+2) i 2 46 3 5 2
B - x—0 X"
PPN AN 11
2273 ) e [X3 X )_)(3
. 1+£ 1_i :E :Iirrg 2 2 12 n24 2
Hence LIM > Nl 2 X—> X

P=3;q=2 =Nonzeroifn=4
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. sinx* —x*cosx* + x®
63 lim -
. x—0 X4 (EZX _l_ 2X4)

. sint—tcost +t°
=lim -
t-0 t(e —1—2t)

2t t>
t—— ....—t(1—+..

=\ & & 16
t(l+2t+t+t+ t+....—1—2tj
21 3l 41
3 3 5 5
ELIL LS N
_lim_6_ 2 5! 4l
. 4
o o4 8L
3!
1 1
62 143 1
2 12 6

64. leLrgsm[T

. sin®x/2
=sin Ilng 27zm—n

—meN and n=10r2

) In(ezx+ex+x)

65. lim

L=e~> X
using L Hospital’s rule

2e* 4’4l
lim . x
L — @ eT e X

o 24e X 4e
lim—— %
x-nlte " +xe

—e =g’
66. sin! x Isamonotonically increasing func-

tion. Hence, f (x)=[sin™x] is discontinu-
ous, where gjnt x IS an integer.
—sin?x=-1,0,1 or x=-sinl,0,sin1

T x>0 isamonotonically decreasing

function.

67.

68.

2
Hence, f(X){m}XZO is discon-

. 2
tinuous when —— isan integer.

1+x
= 2 =12
1+ X
=x-10

sin(x—2) and cos(x — 2) are continuous
forall x. Sicne | X° | isnot continuous at

integral values of y¢, f (x) is continous in

(x=2)

[0,2] if{ "

Now, (x—2)’ [0,8] for x €[4,6]

(x=2)
—a>8g for a =0

f( ) X-=1, xis rational
X)= ;
x> —x—2. xisirrational ®

}:0, VXE[O,Z].

continuouswhen y —1 = x%> —x—2

2++/8
or X2_2X_1:00r X= > .

Hence, f (x) is continuousat two points

=a=2.
f(x)=sgn (x3 -3X +1) is discontinuous

when x* _3x+1=0-
Now, y = x® —3x+1has three distinct roots

dy
as 3x*-3=0= x+1

Also f (1)=1-3+1=-1and
f (-1)=—1+3+1=3. Hence, the graph of
y=x"-3x+1is
Hence, f(x)=sgn(x*-3x+1) isdiscon-
tinuous at three points — p = 3.
f (x)=(log x)‘x2 —4x+3‘+2(x—2)%
=(log x)|x—1||x—3|+2(x—2)%
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69.

Which is non-differentiable at x = 3and

x=2 asat

andat x =2, f(x) havea vertical tangent.

At x =1, f(x) isdifferentiable. So ¢ = 2

and d =1

f(x)=lim () -

n—>w(X2)n+
B 1
2 n
=lim (Xl)
SR R
()
-1, 0<x’<1
= X2 = =
1, x*>1

Thus f (x) isdiscontinuous at x = +1.69.

f =1
() ”I_r’?"(xz)n+l
B 1
=1lim (Xz)n
gy 1 .
()
-1, 0<x*<1
=:0, Xx°= =
1, x*>1

, f(x) hasasharp turn

x<-1
x=-1
-1<x<1
x=1
x>1

x<-1
x=-1
-1<x<1
x=1
x>1

Thus f (x) isdiscontinuousat x = +1.

70.

Graph of y = f (x)

D I gn

N

B TR
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£N
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Graphofy = f (
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Graph of y = ‘ f(|x
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